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PWA models

T T T
—— True function
-|—a— PWA map -

» PWA maps have universal approximation property.
» Equivalence between PWA and hybrid models.
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PWA models
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Problem: PWA-OE identification
PWA Qutput-Error dynamical system:

Yo(k) = f(xo(k))

y(k) =

ol

Yo(k) + eo(k)
’10 if x, € X
? if x, € X
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Problem: PWA-OE identification
PWA Qutput-Error dynamical system:

Yo(k) = f(xo(k))
(k) = yo(k) + e (k)

(0(1))T if xo € X3

f(xo) =

(62)7 D i€
Xo(k) is the noise-free regressor

%o(k) = ok —1)- - yo(k—ns) u(k—1)---u(k—np)]"
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Problem: PWA-OE identification
PWA Qutput-Error dynamical system:

Yo(k) = f(xo(k))
(k) = yo(k) + e (k)

(0(1))T if xo € X3

f(xo) =

(62)7 D i€

Xo(k) is the noise-free regressor

5o (k) = o(k—1)--- yo(k—n3) u(k—1)-- -u(k—np)]"
{X;}7_, are the polyhedral partition of the regressor space.
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Problem: PWA-QOE identification

Model structure:

_ + e(k)

- + e(k)

if X(k) e Xy

if x(k) € X
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Problem: PWA-QOE identification

Model structure:

(01)7 X(lk) |+ e(k) i x(k) e
y(k) =1 :
(65)7 X(lk) +e(k) if x(k) € X,

x(k) is the measured noisy regressor

x(k) = [y(k=1)--- y(k—=na) u(k—=1)---u(k—np)]"
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Problem: PWA-QOE identification

Model structure:

(01)7 X(lk)_+e(k) if x(K) € Xy
y(k) = ]
(65)7 X(lk) +e(k) if x(k) € X,

x(k) is the measured noisy regressor

x(k) = [y(k=1)--- y(k—=na) u(k—=1)---u(k—np)]"

¢(k) is the residual, not necessarily white noise as in PWA-ARX.
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Problem: PWA-QOE identification

Model structure:

(01)7 X(lk)_+e(k) if x(K) € Xy
y(k) = ]
(6s)" X(lk) +e(k) if x(k) € X,

Goal:
Given {u(k),y(k)}X_, and the model structure n,, np, s

> compute consistent estimates of {67},
» find a polyhedral partition {X;}?_;.
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Outline

PWA-OE identification algorithm
Stage S1: Bias-corrected least squares and iterative clustering
Stage S2: Partitioning the regressor space
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Algorithm: PWA-OE identification

Stage S1. P estimation of the bias-corrected model
parameters {6;}7_;.
» simultaneous clustering of the regressors.
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Algorithm: PWA-OE identification

Stage S1. P estimation of the bias-corrected model
parameters {6;}7_;.
» simultaneous clustering of the regressors.
Stage S2.  » computation of polyhedral partition of the
regressor space {X;}7_; using multi-category
discrimination.
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Stage S1. Bias-corrected least squares estimates

Given the partition {X;}?_;, LS estimate of the i-th model is

JLS _ <X,Tx,->‘1 X]Y;

N; N;

X;,Y; measured noisy regressors, output of the /-th model.
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JLS _ <X,Tx,->‘1 X]Y;

N; N;

X;,Y; measured noisy regressors, output of the /-th model.
> It can be proved that LS estimate 65 is biased!
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Stage S1. Bias-corrected least squares estimates

Given the partition {X;}?_;, LS estimate of the i-th model is

JLS _ <X?Xi>_1X7Y;

N; N;

X;,Y; measured noisy regressors, output of the /-th model.

> It can be proved that LS estimate 65 is biased!

» Asymptotic bias is caused due to OE structure:

N,‘*)OO N,'*)OO

lim 0 = 0° + lim Ba(6?,X;,)
—————

bias
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Stage S1. Bias-corrected least squares estimates

lim 0¥5 =09+ lim Ba(69,X,,)
N;— o0 N,-Hoox_v_’/
bias

Asymptotic bias Ba(6¢,X; ) does not to converge to 0.
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Stage S1. Bias-corrected least squares estimates

lim 0¥5 =09+ lim Ba(69,X,,)
N;— o0 N;Hoox_v_’/
bias

Asymptotic bias Ba(6¢,X; ) does not to converge to 0.

» Thus, the LS estimates are not consistent

lim 685 £ 69,

N;A)OO

even for a true partition!
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Stage S1. Bias-corrected least squares estimates

Xo
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Stage S1. Bias-corrected least squares estimates

Bias-correction: Quantify and remove the bias from LS estimates

09 = 0% — BA(02,X;,)
N e’

bias
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09 = 0% — BA(02,X;,)
N e’

bias

However, the bias Ba (67, X ) depends on 67 and can not be
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Stage S1. Bias-corrected least squares estimates

Bias-correction: Quantify and remove the bias from LS estimates

09 = 0% — BA(02,X;,)
N e’

bias

However, the bias Ba (67, X ) depends on 67 and can not be
computed.

> Key idea: We define the corrected LS estimate GI-CLS

O = 61 — B0, X;0)

]
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Stage S1. Bias-corrected least squares estimates

The corrected LS estimate HI-CLS

9,-CLS _ QILS _ BA(Q,-CLS,XLO)
_(XTXi+XTAX T XTY
= N; N;

where AX,‘ = X;70 — X,’.
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Stage S1. Bias-corrected least squares estimates

The corrected LS estimate HI-CLS

9,-CLS _ QILS _ BA(Q,-CLS,XLO)
_(XTXi+XTAX T XTY
= N; N;

where AX,‘ = X;70 — X,’.
However, Q,CLS still can not be computed as it depends on
noise-free regressors X .
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Stage S1. Bias-corrected least squares estimates

The corrected LS estimate HI-CLS

-1
§OLS _ (X,TX,- + X?AX,-) X[ Y
: N; N;

Key idea: We replace the term X,-TAX,- with a bias-eliminating
matrix V;

1 1
lim —X/AX; = lim Vi w1

N;—oo i N;—oo i
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The corrected LS estimate HI-CLS

-1
§OLS _ (X,TX,- + X?AX,-) X[ Y
: N; N;

Key idea: We replace the term X,-TAX,- with a bias-eliminating
matrix V;

1 1
lim —X/AX; = lim Vi w1

N;—oo i N;—oo i

» W/ can be computed from the available information.
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Stage S1. Bias-corrected least squares estimates

The corrected LS estimate HI-CLS

-1
§OLS _ (X,TX,- + X?AX,-) X[ Y
: N; N;

Key idea: We replace the term X,-TAX,- with a bias-eliminating
matrix V;

1 1
lim —X/AX; = lim Vi w1

N;—o0 i N;—oo i

» W/ can be computed from the available information.

» In our approach, Wi depends on the noise-variance, which is
assumed to be known.
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Stage S1. Bias-corrected least squares estimates

The bias-corrected estimate 62¢

-1
4BC _ XX +v; X,-TY,-.
' N; N;

with Wi = —a2N; [} 9].
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Stage S1. Bias-corrected least squares estimates

The bias-corrected estimate 9}30

gpe _ (XIXi+V; I xTy;
o N; N;
with Wi = —o2N; [(')%]

The bias-corrected estimate HFC is consistent!

qunmeFC =07, w.p.1
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Stage S1. Bias-corrected least squares estimates

Xo
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Stage S1. Bias-corrected least squares estimates
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Stage S1. Clustering the regressors

The active mode o(k) is defined as

olk)=1i & x(k)e A,
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Stage S1. Clustering the regressors

The active mode o(k) is defined as

olk)=1i & x(k)e A,

The proposed clustering criterion to estimate (k)

o(k) <« arg min )\e?(k) + ||x(k) — c,-H%;
—~— i=1,.

I y
active mode
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Stage S1. Clustering the regressors

The active mode o(k) is defined as

olk)=1i & x(k)e A,

The proposed clustering criterion to estimate (k)

o(k) <« arg min )\e?(k) + ||x(k) — c,-H%;
—~— i=1,.

I y
active mode

> ei(k) = y(k)— (62T [’?(1")] : prediction error.

» ||%(k) — c||3 : distance from cluster’s centroid ¢;
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Stage S1. Iterative parameter estimation and clustering

1. iterate for m=1,..., M do
1.1 estimate {07}:_, for fixed {c™ (k) }\_;:

1

XIX 4+ v\ XY
N; N;
1.2 estimate {0 (k)}}_, for a given {0™}3_;:
1.2.1 for k=1,...,N do

a(k) < argmini_1, s Ae?(k) + ||%(k) — ci|3
update centroids c¢;, X(k).

2. end for;
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Summary of Stage S1

» The bias-corrected parameters ; of PWA-OE model are
estimated.

> The estimated regressors {%(k)}N_, are clustered into s
clusters based on o (k).

» Each cluster corresponds to a polyhedral partition A.
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Summary of Stage S1

» The bias-corrected parameters ; of PWA-OE model are
estimated.

> The estimated regressors {%(k)}N_, are clustered into s
clusters based on o (k).

» Each cluster corresponds to a polyhedral partition A.

> Next stage: Compute polyhedral partition X; using linear
multicategory discrimination
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Stage S2: Linear multicategory discrimination

Compute polyhedral partition of space X characterized by the
PWA separator function ¢

o) = max (17 11 [41]).
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Stage S2: Linear multicategory discrimination

The parameters {w’,7/}5_; are computed by solving the
optimization problem (Breschi et al., Automatica, 2016)

S

min EZ ('3 + (+)%) +

i=1

I

i= 1_/—1

2

([M,. 1y [“j;:ﬁjﬁ'] + 1/\/,-)+

2
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Stage S2: Linear multicategory discrimination

The parameters {w’,7/}5_; are computed by solving the
optimization problem (Breschi et al., Automatica, 2016)

S

@qEZ ('3 + (+)%) +

i=1

I

i= 1_/—1

2

([M,. 1y [;’jﬁ:;ﬁ"] + 1/\/,-)+

2

Violation of inequalities defining the polytopes are penalized.
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Stage S2: Linear multicategory discrimination

The parameters {w’,7/}5_; are computed by solving the
optimization problem (Breschi et al., Automatica, 2016)

S

min EZ (I 13 + (+)%) +

1
i=1

I

i= 1_/—1

2

<[M,. 1y [“j;:;ﬂ-"] + 1N,-)+

2

Violation of inequalities defining the polytopes are penalized.
r > 0 ensures the optimization problem is strongly convex.
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Outline

Numerical Example
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Numerical Example

PWA-OE data-generating system

[-0.4115]x,(k), if4y,(k—1)—u(k—1)+10<0,

L) — [05 —1 —1.5]x,(k), if 4yo(k—1)—u(k—1)+10<0,
Yo(k) = &5y, (k—1)+u(k—1)—6 < 0,
[-03 05 —1.7] xo(k), if Byo(k—1)H+u(k—1)—6>0,

y(k) = yo(k) + eo(k)

with NV = 5000 training samples and SNR = 11.7 dB.
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Numerical Example

PWA-OE data-generating system

[-0.4115]x,(k), if4y,(k—1)—u(k—1)+10<0,

L) — [05 —1 —1.5]x,(k), if 4yo(k—1)—u(k—1)+10<0,
Yo(k) = &5y, (k—1)+u(k—1)—6 < 0,
[-03 05 —1.7] xo(k), if Byo(k—1)H+u(k—1)—6>0,

y(k) = yo(k) + eo(k)
with NV = 5000 training samples and SNR = 11.7 dB.

» ldentification of PWA model with s =3, n, =np =1

» Stage S1 algorithm is run for 20 iterations, with
A = 0.2 =156 and random initial guess {o°(k)}\_,.
» Stage S2 is executed with xk = 107°.
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Numerical Example

Norm of the parameter estimation error LS vs BC estimates.

Mode [| [[6° —65€] | [l6° — 6]
s=1 0.0196 0.7818
s =2 0.0070 0.2091
s=3 0.0275 0.2156

Mode fit index MF = (ﬁ SN I(o(k) = a*(k))) x 100%

BC LS
Training || 98.76% | 98.50%
Validation || 88.40% | 77.80%
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Numerical Example

-4 -2 0 2 4

y(k=1)

True (dashed red lines) vs estimated polyhedral partition.
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Numerical Example
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Conclusions

» An iterative batch algorithm for identification of PWA-OE
models is proposed.
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Conclusions

» An iterative batch algorithm for identification of PWA-OE
models is proposed.

P Bias-correction scheme is combined with a clustering
algorithm for parameter estimation and regressors’ clustering.

» The parameters are consistent under suitable assumptions.

P> A partition of the regressor space is estimated with high
accuracy by employing multicategory discrimination.
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Conclusions

» An iterative batch algorithm for identification of PWA-OE
models is proposed.

P Bias-correction scheme is combined with a clustering
algorithm for parameter estimation and regressors’ clustering.

» The parameters are consistent under suitable assumptions.

P> A partition of the regressor space is estimated with high
accuracy by employing multicategory discrimination.

» Future work will be focused on data-driven model structure
selection.
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